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- Attentions -
The examination duration of this problem is 45 minutes.

Fill in your examinee number and name on the answer
sheets.

The answer sheets must be used in the order of sheet 1,
sheet 2, sheet 3, and sheet 4.

Do not write your answer on the back sides of the answer
sheets. However, you may use the back sides as draft
sheets.

Answer in English or Japanese.

After the examination, upload all the answer sheets one by
one according to the direction by the examination officers.

This problem PDF file must be completely deleted after all
the examinations are completed and must never be
distributed or modified.
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[Problem 3] Properties of materials

Let us consider the electronic states in a two-dimensional crystal, in which the same kind
of atom is placed at every lattice point of a two-dimensional square lattice with the lattice
constant @, as shown in Figure 1. Let @(r) = @(x,y) be the one-clectron wavefunction.

Assume that ¢(x,y) satisfies the boundary condition:

p(x,y+L)=p(x,y). O

{(p(x +L,y)=0(x,y)
Here, L/a is an integer, satisfying L/a>>1. ¢(r) in an eigenstate and its energy

E are given by the Schrodinger equation:

o 0 _
_%(§+§j¢<r>w(r)mr)—Eco(r). @

Here, m is the mass of an electron, 7%=h/(2x) (h: Planck constant), and
V(r)=V(x,y) is the potential energy of an electron, which is a periodic function
satisfying

{V(x +a,y)=V(x,y) 3

Vix,y+a)=V(x,y).
Now, we adopt V' (r)=0 (the free electron model), as a special form of V(r) satisfying

equations (3. Then, the wavefunctions of eigenstates can be written as

@ (r)=exp(k-r). @

Here, i is the imaginary unit and k =(k,,k,) is a wavevector. Answer the following

questions.

1. Show that the values allowed for k and &k, are k =27zn /L and

X

k,=2zn,/L (n, and n:integers), respectively.

2
2. Show that the eigenenergy of ¢, (r) inequation @ is E, = Zh_ k.
m
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Figure 2 shows the reciprocal lattice and the first Brillouin zone for this crystal. Here, the

2xv 2w

reciprocal lattice points are G, =( ] (v and w: integers), and the first

a a

Brillouin zone is the square area surrounded by the vertical bisectors of the four line

segments connecting the point G, and the four reciprocal lattice points G,,, G,

G_,,and G_,, which are adjacentto G, .

3. Taking into account the electron spin degrees of freedom, obtain the number of

electronic states contained in the first Brillouin zone.

4. When the atoms are monovalent, obtain the Fermi wavenumber, k., and the Fermi

energy, Ey.

In general, when V(r) satisfies equations (3, the wavefunctions of eigenstates can be

expressed as
Py (X) =1y, (r)-exp(iq-r). ®
Here, q 1is a wavevector within the first Brillouin zone, 7 is the band index, and

u,,(r)=u,,(x,y) isaperiodic function satisfying



{uq,n (x+a,y)=u,,(x,y) ®

uq,n('x’y—i_a) :uq,n(‘x7y) *
Let E,(q) be the energy of ¢, ,(r). The group of the functions, £, (q), is called the

band structure.

5. Noting the fact that arbitrary k can be uniquely decomposed into the form

k=q+G,, ,and referring to question 2, answer the following questions concerning
R (zY
E (q) in the free electron model. Let x4 be u= %(;) , and A be
A =(G,, +G,,)/2. With regard to the degree of degeneracy, take into account the
electron spin degrees of freedom.
(1) Find all E,(G,,) satisfying E,(G,,)<8u , and express them using x .
Answer the degree of degeneracy for each of them.
(2) Find all E (A) satisfying E (A)<8u, and express them using x . Answer
the degree of degeneracy for each of them.
(3) Copy Figure 3 on your answer sheet and therein draw the outlines of E (q)
along the line segment connecting G,, and A in the range of

0<FE (q) <8u,and write down the degree of degeneracy for each curve.
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