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【第３問】材料物性学 

 

図１のような，格子定数 aの2次元正方格子の各格子点に同種の原子が配置され

た2次元結晶中の電子状態を考察する。1電子波動関数を ),()( yx r とする。

),( yx は，境界条件， 
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を満たすものとする。ここで， aL / は整数で， 1/ aL とする。固有状態の )(r

と，そのエネルギーEは，シュレーディンガー方程式， 
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によって与えられる。ここで，mは電子の質量， )2/( h （ :h  プランク定数），

),()( yxVV r は，電子のポテンシャルエネルギーで， 
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を満たす周期関数である。 

いま，式③を満たす )(rV の特別な場合として， 0)( rV とする（自由電子モデル）。

このとき，固有状態の波動関数は， 

)exp()( rkrk  i  ④  

と書ける。ここで， iは虚数単位， ),( yx kkk は，波数ベクトルである。以下の

問いに答えよ。 

 

1. yx kk , に許される値が， Lnk xx /2 ， Lnk yy /2 （ :, yx nn  整数）であること

を示せ。 

2. 式④の )(rk の固有エネルギーが， 2
2

||
2

kk m
E


 となることを示せ。 
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           図１                 図２ 

 

この結晶の逆格子と第1ブリルアンゾーンを図２に示す。ここで逆格子点は，
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2
,G （ :,wv  整数）であり，第1ブリルアンゾーンは，点 0,0G と，こ

れに隣接する4つの逆格子点 0,1G ， 1,0G ， 0,1G ， 1,0 G を結ぶ4つの線分それぞれ

の垂直二等分線で囲まれた正方形の領域である。 

 

3. 電子のスピン自由度を考慮して，第1ブリルアンゾーンに含まれる電子の状

態数を求めよ。 

 

4. 原子価が1のとき，フェルミ波数 Fk とフェルミエネルギー FE を求めよ。 

 

一般に )(rV が式③を満たせば，固有状態の波動関数は， 

)exp()()( ,, rqrr qq  iu nn  ⑤  

と書ける。ここで，qは第1ブリルアンゾーン内の波数ベクトル， nはバンド指

標， ),()( ,, yxuu nn qq r  は， 
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を満たす周期関数である。 )(, rq n のエネルギーを )(qnE とする。関数群 )(qnE は，

バンド構造とよばれる。 

 

5. 任意のkが wv,Gqk  の形に一意的に分解できることに注意し，問い2を参

考にして，自由電子モデルにおける )(qnE について，以下の問いに答えよ。 

但し，

22
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 
， 2/)( 0,10,0 GGA  とする。また，縮重度については，電

子のスピン自由度を考慮せよ。 

(1) 8)( 0,0 GnE なる )( 0,0GnE をすべて求め，で表せ。また，それらの縮重

度を答えよ。 

(2) 8)( AnE なる )(AnE をすべて求め，で表せ。また，それらの縮重度を

答えよ。 

(3) 解答用紙に図３を書き写して， 0,0G とAを結ぶ線分上の )(qnE の概形を，

8)(0  qnE の範囲で描き，各曲線の縮重度を書き入れよ。 
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【Problem 3】Properties of materials 
 

Let us consider the electronic states in a two-dimensional crystal, in which the same kind 

of atom is placed at every lattice point of a two-dimensional square lattice with the lattice 

constant a , as shown in Figure 1. Let ),()( yx r  be the one-electron wavefunction. 

Assume that ),( yx  satisfies the boundary condition: 
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Here, aL/  is an integer, satisfying 1/ aL . )(r  in an eigenstate and its energy 

E  are given by the Schrödinger equation: 
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Here, m  is the mass of an electron, )2/( h   (h: Planck constant), and 

),()( yxVV r  is the potential energy of an electron, which is a periodic function 

satisfying  
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Now, we adopt 0)( rV  (the free electron model), as a special form of )(rV  satisfying 

equations ③. Then, the wavefunctions of eigenstates can be written as 

)exp()( rkrk  i . ④  

Here, i  is the imaginary unit and ),( yx kkk  is a wavevector. Answer the following 

questions. 

 

1. Show that the values allowed for xk   and yk   are Lnk xx /2   and 

Lnk yy /2  ( xn  and yn : integers), respectively.  

2. Show that the eigenenergy of )(rk  in equation ④ is 2
2
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2

kk m
E


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              Figure 1                                Figure 2 

Figure 2 shows the reciprocal lattice and the first Brillouin zone for this crystal. Here, the 

reciprocal lattice points are 







a

w

a

v
wv

 2
,

2
,G  (v and w: integers), and the first 

Brillouin zone is the square area surrounded by the vertical bisectors of the four line 

segments connecting the point 0,0G  and the four reciprocal lattice points 0,1G ， 1,0G ，

0,1G , and 1,0 G , which are adjacent to 0,0G . 

 

3. Taking into account the electron spin degrees of freedom, obtain the number of 

electronic states contained in the first Brillouin zone.  

 

4. When the atoms are monovalent, obtain the Fermi wavenumber, Fk , and the Fermi 

energy, FE .  

 

In general, when )(rV  satisfies equations ③, the wavefunctions of eigenstates can be 

expressed as 

)exp()()( ,, rqrr qq  iu nn . ⑤  

Here, q   is a wavevector within the first Brillouin zone, n   is the band index, and 

),()( ,, yxuu nn qq r   is a periodic function satisfying 



 
 

6








.),(),(

),(),(

,,

,,

yxuayxu

yxuyaxu

nn

nn

qq

qq
 ⑥  

Let )(qnE  be the energy of )(, rq n . The group of the functions, )(qnE , is called the 

band structure.  

 

5. Noting the fact that arbitrary k   can be uniquely decomposed into the form 

wv,Gqk  , and referring to question 2, answer the following questions concerning 

)(qnE   in the free electron model. Let    be 
22
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 , and A  be 

2/)( 0,10,0 GGA  . With regard to the degree of degeneracy, take into account the 

electron spin degrees of freedom.  

(1) Find all )( 0,0GnE  satisfying 8)( 0,0 GnE , and express them using  . 

Answer the degree of degeneracy for each of them.  

(2) Find all )(AnE  satisfying 8)( AnE , and express them using  . Answer 

the degree of degeneracy for each of them. 

(3) Copy Figure 3 on your answer sheet and therein draw the outlines of )(qnE  

along the line segment connecting 0,0G  and A  in the range of 

8)(0  qnE , and write down the degree of degeneracy for each curve. 
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                                 Figure 3 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




