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[Problem 1] Thermodynamics and Kinetics of Materials

1. Consider a system whose state can be described by pressure, temperature, and

compositions only. Answer the following questions.

(1)

2)

€)

When a phase containing ¢ components is in equilibrium, the chemical potential

of the ith component, ui , is defined by (D,

_ (66)
Ml: - ani

Here, G is the Gibbs energy of the phase, P is pressure, 7 is temperature, and #;

@

P,T,nj(jii)

is the mole number of the ith component contained in the phase. Derive @),

C
VdP—SdT—Znid,ui=O, @
i=1

where V = (a—G

) is the volume of the phase, and S = — (aG
OPJ T n;(i=1,c)

aT)P,ni(i=1,-~,c)

is the entropy of the phase.

Next, consider a binary solution composed of component A and component B in
equilibrium under constant temperature and constant pressure. This solution is
stable at the whole composition range. When the Gibbs energy per 1 mol of this
solution is given as G’ , derive ua and us by using G’ and xB . Here, ua and us
are the chemical potentials of A and B, respectively, and xs is the mole fraction

of B.

Figure 1 shows the G' curve of the binary solution considered in (2). How can
ua and us at the point K on the curve be determined by using the figure, based
on the result of (2)? Copy Figure 1 on the answer sheet and draw its method on

the figure.
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As an example solution, consider the 90.0 mol%Cu-10.0 mol%Zn liquid in
equilibrium under 1 atm at 1100 K.
The activity coefficient of Cu in the Cu-Zn liquid, ycu , is expressed as (3 by using

the mole fraction of Zn in the liquid, xzn , under 1 atm at 1100 K,
log,¥cu = —0.500x7,, . ®
Here, ycu is defined by the relationship ycu = acu / xcu , using the activity of Cu relative

to its pure liquid, acu , and the mole fraction of Cu, xcu .

(4) Calculate acu of this liquid with three significant digits.

(5) Answer loge yza of this liquid as a function of xza from (3 by using the
relationship @). Here, yzn is the activity coefficient of Zn in the Cu-Zn liquid and
defined by the relationship yzn = azn / xzn , using the activity of Zn relative to its

pure liquid, azx .

(6) Calculate the Zn vapor pressure of this liquid with three significant digits. Note

that the vapor pressure of pure Zn under 1 atm at 1100 K is 0.421 atm.
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2. There is a container of the closed system into which no substance enters or exits, and
the inside of this container is always maintained at predetermined temperature and
pressure. Now, gas A is filled in this container. While A is a stable substance alone,
two parallel reactions, the first-order irreversible reaction producing gas P, A > P
(reaction rate constant k1), and the first-order irreversible reaction producing gas Q ,
A > Q (reaction rate constant k2), proceed by contacting with solid catalyst X .
Answer the following questions. If necessary, use the gas constant R = 8.31

J K ' mol™'.

(1) Lett=0 be the time when X is put into the container filled with A only. Express
XA ,xp,and xq at T =1 by using k1 , k2, and ¢ . Here, xa , xp , and xq are the mole

fractions of A, P, and Q , respectively.

(2) Both reaction rate constants of these two parallel reactions show the Arrhenius-
type temperature dependence. Further, the ratio of two reaction rate constants,
ki/ k2, is 2.72 at 400 K and 1.00 at 800 K. Calculate the difference, E> — Ei
(J-mol™"), between the activation energy of the reaction A = P, Ei , and the

activation energy of the reaction A 2> Q, Ez, with three significant digits.

(3) X was put into the container filled only with A and maintained at 600 K.

Calculate xo when xa reached xa = 1.00 x 1072 with three significant digits.
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[Problem 2] Structure of Materials

1. Consider the phase separation in the A-B binary solid solution alloy a. The Gibbs
energy of the solid solution per mole at temperature 7 can be expressed by the
following equation using the regular solution approximation.

G = Gaxp+ Gpxp + RT(xp logex, + xp logexg) + Qxpxp, )
where G, and Gy are the Gibbs energies per mole of pure A and B, respectively,
x5 and xp are the mole fractions of the components A and B, respectively, R is the
gas constant, and Q is the interaction parameter of a positive constant. Figure 1

shows the phase diagram of the A-B binary system. Answer the following questions.

(1) The dashed line in Figure 1 is called the spinodal curve, which is derived using
the second-order partial derivative of (D with respect to xg. Derive an equation

for the relationship between 7 and xg, which represents the spinodal curve.

(2) Show the upper limit temperature 7 at which phase separation occurs, using

Q and R.

(3) In the case of Q= ERT |, obtain the lower limit xg; and the upper limit x,, of
xg Wwhere the phase separation by the spinodal decomposition occurs at

temperature 7.
(4) Explain the difference in the phase separation process occurring in the region

between the solid and dashed curves and the region inside the dashed curve in

about 60 words.
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2.

Consider the microstructure formation of the C-D binary eutectic alloy shown in the

phase diagram in Figure 2. Answer the following questions.

(1) Show the mass proportion of phase a in the alloy, W, when the alloy with mass
fraction X; shown in Figure 2 is in equilibrium at temperature 75, using X,

X1L7 and Xl'

(2) Consider the case where alloys with mass fractions X;, Xz, and X, shown in
Figure 2 are cooled slowly from 7, while maintaining equilibrium. Draw
schematic images of the microstructure of each alloy at 77, just above T, and
just below TF%, and explain the characteristics of each image in about 120 words

in total.

Temperature

1 Xi Xe
Mass fraction

Figure 2
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[Problem 3] Properties of Materials

The potential representing the van der Waals force between two noble gas atoms can

be approximated by the Lennard-Jones type potential V() in the following equation,

vy =4e|(7) - ()] ®

where ¢ is the potential depth, » is the interatomic distance, and o is the distance at

which V(r) = 0. V(r) isschematically illustrated in Figure 1. Answer the following

questions.

(1)

2)

€)

Express the interatomic distance 7 that minimizes V(r) using o.

When the displacement of the interatomic distance (Ar= r— r*) is small, the
potential between two noble gas atoms bound by the van der Waals force can be
approximated to the harmonic oscillator potential, V(r) =V(™*) +
k(r —r*)?/2, shown by the dashed line in Figure 1. Here, k is the spring constant.
In this case, V(r) can be obtained by performing a Taylor expansion of (D in

the vicinity of #". Express k using ¢ and o.
In general, noble gas with van der Waals bonding crystallizes at low temperature.

Explain in about 20 words which crystal structure is more stable, the body-

centered cubic lattice or face-centered cubic lattice, together with the reason.
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2. Consider a particle with energy £ and mass m that can move only in the x-direction
according to the one-dimensional Schrodinger equation (2,
(L tvwle=E @
2m dx2 (je =Ep,
where ¢ is the wave function of the particle, and # is the Planck constant divided
by 2xn. This particle is bound in a one-dimensional well potential with width d and
depth V,, as shown in Figure 2 (=V, < E < 0).
o (x<0)
V(ix) =<-Vy (0<x<d): Regionl ®
0 (x > d) : Region Il

In this case, the wave functions in the regions I and II are given as follows,

3 {Asinklx (0 <x <d) : Regionl @

Bexp(—kyx) (x> d) : Regionll ~

where 4 and B are constants, k&1 > 0 and A > 0. Answer the following questions.

(1) Express the energy in the region I, E1, using ki, #, m, and V), and also express

the energy in the region II, En, using ku, #, and m.

(2) Using the result of (1), express k% + kfl using 4, m, and Vj,.

(3) Find the relationship between k1 and ki using the boundary condition at x = d.

(4) Let a=kd and p = kyd. Considering the diagrams of the two equations obtained
in (2) and (3) on the affplane, find the condition of Vo for the existence of at least

one bound state.

5) Draw the outline of the probability density |p|?> when there is a single bound state,
p y y 1@ g

clarifying the difference at the boundaries of x = 0 and x = d.
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[Problem 4] Mechanics of Materials

By assuming that the elastic constants of the material are isotropic, answer the following
questions.

Here, the force per unit length F acting on the dislocation under the stress ¢ is given
by the following equation:

F=(o-b)Xxt, @
where b is the Burgers vector and t is the unit vector representing the dislocation line
direction. In addition, the stress field Ge¢qge generated by an edge dislocation, which lies
along the x; axis with the Burgers vector parallel to the x; axis in the Cartesian

coordinate system (x, x,, x3), is given by the following equation:

%(3xf +x3)  x1(xf —x3)

- 0
(ef +x3)% (f +x3)?
b x1(x? — x2 x,(x% — x2
Geage = 1(21 22) 2(21 22) 0 ®
2r(1-=v)|  (xf +x5)? (xf +x3)?
2vx,
0 0 - 5

where b is the magnitude of the Burgers vector, u is the shear modulus of the material,

and v is Poisson's ratio.

A cubic single crystal of pure copper is placed in the Cartesian coordinate system
(x4, x5, x3), as shown in Figure 1. The surfaces are perpendicular to the x;, x,, and x5
axes, and their Miller indices are (121), (101), and (111), respectively. Consider
applying external stress to the single crystal so that only the stress components 0,3 =
03, are significant. Here, the stress component o;; is the stress in the x; direction

acting on the plane perpendicular to the x; axis.

(1) Under this condition, answer the indices of the primary slip system.
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(2) Derive the force per unit length F*t acting on the edge dislocation of the primary

slip system using 0,3 and b.

Next, consider a pair of oppositely signed edge dislocations parallel to the x; axis, as
shown in Figure 2. The Burgers vectors of dislocations 1 and 2 are b; = [0, b, 0] and
b, = [0, —b, 0], respectively, and their dislocation line directions are t; = t, = [1,0,0].
Dislocation 1 is fixed along the x; axis, and dislocation 2 can move freely without
friction on the slip plane parallel to the slip plane of dislocation 1 separated by a distance

d.

(3) When dislocation 2 passes through (0, x,, d), derive the force per unit length Fint
acting on dislocation 2 due to the stress field of dislocation 1 using u, v, b, d, and
int

x,. Also, schematically draw the graph of the x,-axis component, F,™, as a function

of x,, and show the point(s) where dislocation 2 can stably exist.
(4) Derive the maximum value of |in“t| using u, v, b,and d.
Dipoles composed of oppositely signed edge dislocations are often formed in a
deformed crystal. Now, consider a dipole composed of a pair of oppositely signed edge
dislocations, whose slip planes are separated by a distance d, is formed in the primary

slip system in the single crystal shown in Figure 1.

(5) Derive the condition on the stress component g,3 required to decompose this dipole.
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t, =[1,0,0]

Dislocation 1

b, = [0,b,0]
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