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[Problem 1] Thermodynamics and Kinetics of Materials

1. Answer the following questions using the thermodynamic quantities in the Table

below. If necessary, use the gas constant R =8.3 J-K~!-mol~!, Faraday constant

F=96000 C-mol!, and log,10=2.3.

Table Standard entropy S° and standard enthalpy of formation AfH® at 300 K
S° (J-K'-mol™)  ArH° (K -mol™")

H,(g) 130 0
0,(9) 200 0
H,0(1) 70 —290

Note: (g) and (I) indicate gas and liquid, respectively.

(1) Answer the standard entropy change AS° and standard Gibbs energy change AG°
for the following reaction at 300 K and standard pressure.

Hx(9) +50,(g) > H,00) ®

(2) Figure 1 shows a hydrogen fuel cell using the proton-conducting electrolyte
membrane. An overall reaction is the same as the reaction (D. Give the redox
half-reaction equations at the anode and cathode, respectively. Also, answer the
electromotive force E; at 300 K with two significant digits. Assume that all

materials constituting the hydrogen fuel cell are in their standard states at 300 K.

(3) Figure 2 shows the concentration cell with the proton-conducting electrolyte
membrane. This cell consists of two chambers separated by the proton-
conducting electrolyte membrane, and gases with different hydrogen partial

pressures are introduced into each chamber. Let P1 and P2 (P1 > P2) be the
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hydrogen partial pressures of Chamber 1 and Chamber 2, respectively. Give the
redox half-reaction equations at the anode and cathode, respectively. Also, show

the electromotive force £z at the temperature 7 using R, T, F, P1, and Px.

(4) When P is 100 times higher than P» at 300 K, find the electromotive force £z of

the cell in (3) with two significant digits.

(5) Concentration cells are used as sensors essential for combustion control in
automobile engines and oxygen concentration control in molten steel in
steelworks and are not generally used for energy storage. Give the reason for this

in about 30 words.

Proton-conducting electrolyte membrane
Electrode

ool
s/ <=0,(9)

Hy(9)—> i w > H,0()+ 0,(g)

Figure 1

Proton-conducting electrolyte membrane

Electrode
IR b ¥
H,(g) T H,(g9)
Chamber 1 Chamber 2
P, P,

Figure 2
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2. Reactants A and B are homogeneously dissolved in a solvent in a container, a closed
system that does not allow the entry or exit of substances. Consider the reaction A+
B — P that occurs in this solution. The temperature 7 of the solution during the
reaction is constant, and the solution is well stirred so that the solution temperature
and solute concentrations are always uniform. Let the concentrations of A, B, and P
at time ¢ be [A], [B], and [P], respectively, and let the initial concentrations of A, B,
and P at the beginning of the reaction (¢t = 0) be [A],, [B]g, and 0, respectively.
Assuming that the reverse reaction is negligible, answer the following questions. If

necessary, use the gas constant R = 8.3 J-K~!-mol~! and log,2 =0.69.

(1) Assuming that this reaction is a thermally activated process and that the rate
constant k follows the Arrhenius equation, express k using the frequency factor

for molecular collisions A4 and the activation energy of the reaction Fa.

(2) When T is increased by 10 K from 300 K, & increases by a factor of 2. Answer

the activation energy of this reaction with two significant digits.

(3) It is known that this reaction is a second-order reaction that is first order in both
A and B. Express [A] and [B] at fusing [A]y, [B]g, and [P]. In addition, express

the generation rate of P, d[P]/dt, using [A]y, [Blo, [P], and £.

When determining k by experiments using (3), measurements and analyses can be
facilitated by setting adequate experimental conditions. For example, when [A], #

[B]g, the following equation can be obtained.

1 [Blo[A]
AT, — [Blo S AL, B] ~ ** 2
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(4) Under the condition [A], < [B]y, [B] hardly changes as the reaction proceeds,
so we can assume [B] = [B],. Then this reaction can be regarded as an
approximate first-order reaction for A. Let k' be the apparent rate constant of this
pseudo-first-order reaction, then &' = k[B],. As a result of the experiment with
[A]o < [B]o, the half-life of A was found to be 6930 s when [B], was 1 mol-m™,

Answer k with two significant digits.
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[Problem 2] Structure of Materials

Consider the three-dimensional regular solution model of an A-B binary substitutional
solid solution alloy shown in Figure 1. There are N equivalent atomic sites, and each site
is randomly occupied by either an A or B atom. The total number of A and B atoms are
Na and N, respectively, and the number of nearest neighbor atoms (coordination number)
is equally z at each site. The bond energies of the nearest neighbor A-A, B-B, and A-B
pairs are Eaa, Ep, and Eas, respectively. Here, the interatomic distances and bond
energies are independent of the composition of the alloy. In addition, the model is
assumed to be sufficiently large so that surface effects can be neglected. Then, answer the

following questions.

(1) Express the mole fraction of A, xa, and the mole fraction of B, xB, using Na and Ns.

(2) Express the total number of nearest A-A pairs, Paa, the total number of nearest B-B
pairs, Pss, and the total number of nearest A-B pairs, Pas, in the alloy using z, Na,
and Ns.

(3) By considering only the bond energies between the nearest neighbor atoms, express

the total bond energy, Has, in the alloy using z, N, Eaa, EBs, EaB, and xB, without

using Na and Ns.
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Figure 1

Next, consider an A-B binary substitutional solid solution alloy in which a homogeneous
a phase solid solution separates into two phases with different mole fractions. Assuming
that this alloy is a regular solution, the molar Gibbs energy of mixing, AmixG(xB), is
expressed as
AmixG(xg) = Q2 (1 — xp)xg + RT[(1 — xp) log, (1 — xp) + xglog xz], )

where the first term on the right side is the molar enthalpy of mixing, £ is the interaction
parameter, R is the gas constant, and 7 is the temperature. Figure 2 shows AmixG(xB) at
temperature 71 and the phase diagram of this alloy. As shown in Figure 2, xs at the local
AmixG(xB) minima are x1 and xs, x at the local AmixG(xB) maximum is x3, and xB at the
inflection points of Amix G(xB) are x2 and x4. The maximum temperature (critical
temperature) at which the phase separation proceeds is 7c. Then, answer the following

questions.

(4) Let us consider the number of atoms of the model shown in Figure 1 be Avogadro
number (N = Nav). The first term on the right side of (D is obtained by subtracting
the sum of the bond energies in the unmixed A crystal and B crystal

%(zNAEAA+zNBEBB) from Has obtained in (3). In this case, express £ using z, Nav,
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Eaa, Ess, and Eas. In addition, when £ is positive, show the relationship among

Eaa, EBB, and Eas.

(5) When a homogeneous o phase solid solution was quenched from temperature 7>
and held at 71, a slight compositional fluctuation triggered phase separation with a
continuous change in mole fraction. Answer the range of xs in the solid solution over
which this phase separation proceeded. In addition, explain the reason in about 50

words.
(6) For the solid solution with a certain composition other than (5), phase separation
proceeded differently from that in (5). Explain how this phase separation proceeded

in contrast to the phase separation behavior in (5) in about 40 words.

(7) Obtain T by considering the second-order partial derivative of (D with respect to

XB.
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Amix G(x B)

T,

o
X X X3 Xy X5 1
XB
Figure 2
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[Problem 3] Properties of Materials

Na crystal with the body-centered cubic structure is an electrical conductor, and the
effective mass of free electrons in Na crystal is almost the same as the electron rest mass
in vacuum. Let us consider electrons in Na crystal. The primitive translation vectors of
the body-centered cubic lattice of the cubic edge a are given by
a; =2 (e, +e, +e,)
a
a2=5(ex—ey+ez) ©
a
as =-(e;+e, —e,)

where e,, e,, and e, are unit vectors in x, y, and z directions in the Cartesian

yo
coordinate system (x,Y,z), respectively. Let the coordinate system of the reciprocal
space corresponding to the direct space x,y,z be (ky, k,, k;). Answer the following

questions.

1. Calculate the primitive reciprocal lattice vectors by, b, and b corresponding to
the primitive translation vectors (1. Then, draw the Brillouin zone (the first Brillouin
zone) on the k,-k, plane in the reciprocal space. Specify the vertex coordinates of

the Brillouin zone.

2. Consider N free electrons in a cube of edge length L. When the electron-electron
interactions are neglected, the one-electron wave function (1) satisfies the time-
independent Schrodinger equation

A2 R2 (9% | 9% | 92
—Z—meAl/)(T) = _z_m(ﬁ"-a_yz'i'ﬁ)w(r) = EY(r), @

where r is the position vector, m, is the electron rest mass in vacuum, A = h/2w

(h is Planck constant), and E is an eigen energy.
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(1) Show that normalized one-electron wave function

1 .
Y(r) = mexp(lk 'T) ©)
satisfies (@), and that the eigen energy is given by
2
E=—"—|kl. @
Mme

Here, i is the imaginary unit, and k = (kx, ky, kz) is the wave vector.

(2) By applying the periodic boundary conditions, obtain possible values of the

components of k.

(3) At temperature 0 K, the free electrons fill the quantum states inside a sphere (the

Fermi sphere) centered at the origin of the reciprocal space, k = 0. Obtain the

radius of the Fermi sphere (magnitude of the Fermi wave vector) kg.

Na crystal has the body-centered cubic structure with a lattice constant a =

0.42 nm and its free electron density is n = 2.7 X 10?® m™3. You may assume

that the effective mass of the free electrons in Na crystal is the same as the electron

rest mass in vacuum m, = 9.1 X 10731 kg. Use the following values if necessary:

h=11x10"3* J-s,and (817%)/3 =9.3.

(1) Calculate the numerical value of kg, and answer with two significant digits.

(2) Draw the Fermi surface on the k,-k, plane. The drawing must include the

Brillouin zone for enabling one to compare sizes of the Fermi sphere and the

Brillouin zone.

(3) Answer the ratio of the volume of the Fermi sphere to that of the Brillouin zone.
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(4) Explain the reason why Na is an electrical conductor and the reason why the
effective mass of free electrons in Na crystal is almost the same as the electron

rest mass in vacuum, relating to the results obtained above, in about 60 words.
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[Problem 4] Mechanics of Materials

Let us consider the fracture of materials based on the relationship between stress and

strain.

First, consider the relationship between stress and strain. Imagine a small cube placed

in the Cartesian coordinate system (xl, Xy, x3) as shown in Figure 1. The material is

an isotropic linear elastic body with Young's modulus £ and Poisson's ratio v.

(1) The stress component in the xj-axis direction acting on a plane perpendicular to
the xi axis is denoted by o;;. Draw a cube in the Cartesian coordinate system,
and illustrate the stress components o;; (i, j=1,2,3) acting on each face together

with arrows.

(2) 0;(i=)) is the normal stress component. When only o7, acts on the cube,

express the normal strain components &), &, and &jusing E, v, and oy;.
(3) When o34, 09y, and o33 act on the cube simultaneously, the normal strain
component & in the x1 axis is given by the sum of the contributions of the normal

stress components. Express &, using E, v, 071, 0,3, and 033.

(4) oy (i #)) is the shear stress component. Show that &y, = o, holds based on the

balance of moments.

(5) When only o7, and o5 act on the cube, the components of the stress tensor o

and the strain tensor € are represented by
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T
0 70 /0 %0\\
c=<10 0>,and8=k_7 o ol ©)
0 0 O 2G
0 0 O

Here, 7 is the magnitude of shear stress and G is the shear modulus. In this
case, express the stress tensor o' and the strain tensor &' in a Cartesian
coordinate system (x{ R x;, x;) which is rotated by 45° around the x3 axis from
the original coordinate system. The second-order tensor T in the original
coordinate system can be transformed into the tensor T’ in the coordinate
system rotated by 6 around the x3 axis, which is expressed by the following
equation:

cos@ sinf 0)

T =QT'Q, Q= (—sin@ cos® 0
0 0 1

Here, 'Q is the transposed matrix of Q.

(6) By referring the results of (5), express the relationship between g, and o,

using E and v.

Figure 1
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Next, let us consider the fracture of materials. As shown in Figure 2, two plates were
welded. The welded plate is thin enough and can be considered to be in a plane stress
state. The direction perpendicular to the weld line direction is defined as y1, and the
weld line direction is defined as y2. The following stress components were measured
at position P near the weld line:

40 10\/5)
op = MPa. ®
F (10\/§ 20

Eigenvalues of stress tensor are called principal stresses. The maximum principal
stress theory states that a crack occurs when the maximum of the principal stresses
reaches the critical value of the material. In this theory, the normal direction of the

crack surface is considered to coincide with the direction of the principal stress.
(7) Derive the principal stresses of op, 07 and oy (07 > 03).

(8) When a crack occurs at position P following the maximum principal stress theory,

derive the unit normal vector of the crack surface.

/ Weld line
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Figure 2
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